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The complex dynamics emergent in diverse systems are influenced
not only by the network topologies but also by the interplay of these
topologies with the dynamical mechanisms of interaction between
nodes. Hens et al.' established a general framework, novelly linking
the universal topological features to the spatiotemporal propaga-
tion of signals in complex networks and analytically capturing the
topological role in predicting local responses through the asymp-
totic scaling relationship. Although using an appropriate form of the
asymptotic scaling can reveal universal characteristics in complex
systems, it is likely to lead to biased or even incorrect predictions
if the scaling form is not accurately estimated. It is possible, how-
ever, to achieve substantial improvements in the predictive power
by including a suitable prefactor in the scaling.

Hens et al.! linked 7, the response time of the ith node, to the

weighted degree of node i §; = Z]Iil Ajj through the universal scal-

ing relationship with 7; ~ S/. Here, as used in the reply by Hens
et al.?, the notation ‘~’ stands for an asymptotic scaling where the
prefactor is not taken into account. Based on this asymptotic scal-
ing, they reported three distinctive dynamic regimes. We have
carefully checked the analytical argument presented in ref. ' and
its Supplementary Information, and found that the argument,
Supplementary equations (1.32)-(1.42) for analytically approxi-
mating the universal exponent, 6, was not mathematically correct.
Although, for some special cases indicated below, this incorrect
argument can lead to a correct expression of the exponent, it is likely
to obtain an incorrect expression resulting in an inaccurate or even
false scaling relationship for some other representative cases. After
our corrections, we carried out numerical simulations to support
our analytical findings.

Table 1| Expressions of [7(S)]~" using different formulas, where H(x) = 14’% and F(x)

More precisely, the right-hand side of Supplementary equation
(1.32) contains the term (M;(x)) ., which should have been omitted
there. We thus correct this flaw in the following manner:
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More importantly, we found an error in the right-hand side of
Supplementary equation (1.36), where M (x) appeared in the
derivative with respect to the argument x. In fact, M,(x) should be
located in front of the derivative. We thus correct the scaling rela-
tionship in Supplementary equation (1.36) to
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The original results do not change for some cases, for example,
when the function M,(x) is independent of x in the above correc-
tion, which applies for the biological models used in ref. ' for regu-
latory dynamics (R) and population dynamics (P). However, using
the above correction, the exact expression of [7(S)]™* does change
for the function M,(x) explicitly containing x, which applies to the
models of epidemic spreading (E) and mutualistic dynamics (M).
We display the unchanged and/or changed expressions in Table 1
for all these models.

Using the expressions in Table 1, the universal exponent for
model E is the same as the original exponent. However, the changed
expression for model M can impact the value of the universal
exponent. To illustrate this impact, we use the Epinions network
for model M, following the parameter configurations in ref. ' but
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Fig. 1| Dynamic regimes of signal propagation for model M with the Epinions network. We evaluate the local response times 7(S) of all nodes versus their
weighted degree S for the mutualistic dynamics. a-¢, 7(S) versus S witha =2 (a), a=1(b) and a = 0.5 (c). The green data points represent logarithmic
values of 7(S) from the simulations. The black lines represent the analytical prediction using the uncorrected formula in ref.’, and the red lines show the
prediction using the corrected formula (equation (1)). d-f, 1/7(S) versus Switha=2 (d), a=1(e) and a = 0.5 (f). Here, the green data points represent

1/7 values from the simulations.

only altering the value of the parameter a in the set {2, 1, 0.5}.
As shown in Fig. 1, for all three cases of a, our analytical
prediction using the corrected formula, equation (1), is closely
consistent with the numerical simulations, different from the pre-
diction using the uncorrected formula. In particular, from Fig.
la,d, it is seen that when a = 2, both predictions are qualitatively
acceptable, while our prediction works more accurately. However,
for a < 1, the two predictions are diametrically opposite. For a = 1,
that is, the classical mutualistic dynamics, the analytical prediction
using the original formula implies that the universal exponent 8 =0
and 7(S) are thus independent of the degree S (Fig. 1b,e). Fora = 0.5,
the prediction using the original formula gives 7(S) < 0 for large S,
so the system is located in the unphysical regime (Fig. 1c,f).
These two cases indicate that the prediction, using the uncorrected
formula for the universal exponent, deviates considerably from
the exact result, while our corrected formula makes an accurate
prediction.

Additionally, to guarantee the analytical soundness of the above
results, we need an assumption that the steady state achieved should
not coincide with the singularities of the derivative, M{(x).
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